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Introduction

e Derivative Free Optimization: Only function values.
Goal: use as little evaluations as possible — scales badly with dimension.
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Introduction

e Derivative Free Optimization: Only function values.
Goal: use as little evaluations as possible — scales badly with dimension.

e Optimization on manifolds: [Boumal, 2023|, [Zhang and Sra, 2016]
mi/\l}l f(z), where M is a Riemannian manifold.
[AS

e V. Kungurtsev, F. Rinaldi, D. Zeffiro (2024), Retraction-Based Direct
Search Methods for Derivative-Free Riemannian Optimization

Our work:

o Complexity bound of this Riemannian direct-search O (e ?)

o Compare performance of two versions (projection?)
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Positive spanning sets (PSSs)

Definition
A Positive Spanning Set (PSS) of R™ is a set D C R™ s.t
cone(D) = R"™.
The cosine measure of D is
d
cm(D) := min max v, d)
verm\{0} deD [v][|d]|
1 v
v
{I3,— 12} {e1,e2,—e; — e2} unif. angles

PSS in R2.
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Directional direct-search

Start: xg € R™. At each step k:
o Take a PSS D, Cc R™

o If there exists d € Dy, s.t. f(zg, + axd) < f(xx) — cai||d||® (— successful
step):
Tpy1 = T + opd, gy = min(log, amax)-

o Else (— unsuccessful step):

Th41 = Tl A1 = YO

"""" sudcess

I'>1>y>0andc>0
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Moving along a manifold

"The tangent space of M at z" directions

Euclidean Riemannian
r e R"” reM
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Moving along a manifold

"The tangent space of M at z" directions

Euclidean
r € R™
veR?

(u,v) = uTv

y=x+v

FiR* SR
Vf(z) e R

Riemannian
reM
ve T, M

(u, v},
y = Exp,(v)

fM—=R
gradf(z) € T, M

7/31



Positive spanning sets (PSSs) in T, M

A Positive Spanning Set (PSS) of R™ is a set D C R™ s.t
cone(D) =R"™.

The cosine measure of D is

(v, d)

D) = i ST
em(D):=  min  mex ol
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Positive spanning sets (PSSs) in T, M

A Positive Spanning Set (PSS) of T, M is aset D C T, M s.t
cone(D) = T, M.

The cosine measure of D is
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Riemannian directional direct-search !

Start: xg € R™. At each step k:
e Take a PSS D, C R"

o If there exists d € Dy s.t. f(zy + axd) < f(zg) — cai|d||* (— successful
step):
Try1 = Tk + ogd, g1 = min(Cog, max)-

o Else (— unsuccessful step):

Th41 = Thy A1 = YO

o

I'>1>y>0andc>0
![Kungurstev et al., 2024]

T
3

"""" success D1
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Riemannian directional direct-search !

Start: x¢g € M. At each step k:
o Take a PSS D, C T, M

o If there exists d € Dy s.t. f(Exp,, (arpd)) < f(zx) — cozlld|?2, (—
successful step):

Try1 = Exp,, (ard), agrr = min(Cag, amax)-
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Riemannian directional direct-search !
Start: x¢g € M. At each step k:

e Take a PSS Dy, ¢ T,, M

o If there exists d € Dy s.t. f(Exp,, (arpd)) < f(zx) — cozlld|?2, (—
successful step):

Try1 = Exp,, (ard), agrr = min(Cag, amax)-

o Else (— unsuccessful step):

Te41 = Tk, Qg1 = YO

D41

I'>1>y>0andc>0
![Kungurstev et al., 2024]
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Assumptions:

Q f > fiow and
Lev< () :={x € M| f(x) < f(20)}

is bounded
@ For all k, for all d € Dy

cmr, m(Dg) > K,

dmin < ||d||1k S dmax-

@ M connected Riemannian manifold with inj(M) > dmaxQmax

@ f is geodesically L,-smooth.
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Complexity bound

Goal: |gradf(ag)|lz, < € with k small.

Theorem
Reach ||gradf]| < e in 2

O(k™2e7?) iterations

O(k=2e72) function evaluations

where

. v,d
e k: a lower bound on cmTIkM(Dk) i= MiNyeT,, M\ {0} NAXdeD ||§f||||63|| .

e /: upper bound on the cardinal |Dy| of Dy,.

2where constants depend on f(20), fiow, @min; dmax, ¢, 7, [, Ly, 00, dmax
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Premliminary lemma

Lemma ([Kungurstev et al., 2024])

If iteration k is unsuccessful then:

lerad f(ail,, < St Lo,
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Notations

ko index of first failure
ji first index after ko s.t. [[gradf(z;,41)[ <€
U;t|  Number of failures in [ko, ji]

|S,1; Number of successes in [ko, j1]
ki last index of failure before index [

e93

[lgradf(zj,+1)] <€
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Upper bounds [Vicente, 2013|

o The number of successes |S,J€(1)| s upper bounded:
|S,j€;| < cste 2
o The number of failures |Z/l,g(1)| s upper bounded:
|M,gé| < cst|8,z(1)| + cstlog (€) + cst
o The index of first failure ko is upper bounded:

ko < cst
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Proof on the upper bound of #success

Goal: |Sf;1 | < cste2
0

Before j; lgrad f(z:)ll,, > €
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+ o -

uniform angles —

PSS

’L 16z
size / 2n n+1 n+1
1 1 -1
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e Goal: Low /s 2 — adapt PSS

o No absolute answer

Ty -

uniform angles —

PSS

’L 16z
size / 2n n+1 n+1
1 1 I S
cm K vn n n2+2(n—1)v/n
(k=2 2n? n®+n2  nd4+2(n?—1)y/n+n?

Popular PSSs in R™

—— for Riemannian Manifolds ?
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Method 1: Designing PSS in the tangent space
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Method 1: Designing PSS in the tangent space

X Requires orthogonal bases
of T, M

v/ Computable cosine
measure

v/ Can be reused via parallel
transport (consistant )
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Method 2: Projecting PSS to the tangent space

PSS of R"

projecting

\ . .
Redundant directions
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Method 2: Projecting PSS to the tangent space

PSS of R"

projecting

\ . .
Redundant directions

v Easily obtained

X Requires the orthogonal
projection

X Only applies to embedded
manifolds

X Redudancy
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Cardinal /cosine measure trade-off: Riemannian case

Complexity: O(/r % 2)

T Y
! J\

Method 1 Method 2
PSS Dy | (I, —1%)  projr, mlln, —1In)
size ¢ 2m 2n
cm K ﬁ ?
lr2 2m? ?

Which? PSS in T,, M

3m = Manifold dimension
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A toy case: the sphere M = S""! .= {z € R"|||z|]* = 1}

cosine measure of the projection of (In,-In) of R? in the tangent space

PSS Dy, | (1%, —1})

pTOjTIkM(Ina _In)

size £ 2(n—1)
cm K
k=2 2(n —1)?

2n
19

n—1

2n(n —1)
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Problem instances

[Boumal, 2023|[Kungurstev et al., 2024]

Data profiles:
o Budget: 100 gradient simplex
s f(m)ff ow,dfo
e Solved iif. 7)‘(%)—}10%(:% < 7 where 7 > 0.

e Random initialization and parameters

Problem Data Manifold

Cost function

. AcR™MmXn St(m,’r‘)
Lowest r Sing. Val. Deding™ (1) xSt(n,r)
Y eER™X" Ob(m,r)

Dict. Learning AS0. e>0 KRTRT

FUV)=
>, (UD).,(AV).)

F(D,C)=[IY =DCl|p,,2
FAY, A/ CFFe?
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Singular values problem

ratio of problems solved

ProblemsVs
tau = 0.1, number_instance = 100

ProblemSVs

tau = 0.1, number_instance = 100
manifold_dim: [511
dimension_gaps = [12]

manifold_dims = [8]
dimension_gaps = [6]

101 104 — projection = False
projection = True
0.8 0.8
o
2
g
B
0.6 @ 0.6
£
g
8
0.4 204
5
e
g
0.2 0.2 1
—— projection = False
004 projection = True 004 —f
20 0 60 80 100 0 20 ) 60 80 100

number of simplex gradient number of simplex gradient

Left : m = 8, Right : m =51
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Dictionary Learning

DictLearningProblem DictLearningProblem
tau = 0.1, number_instance = 20 tau = 0.1, number_instance = 20
manifold_dims = [51] manifold_dims = [472]
dimension_gaps = [3] dimension_gaps = [8]
—— projection = False 101 — projection = False
projection = True projection = True
0.8 4
0.8
] ]
3 T
2 2
3 0.6 ?
w n 0.6
E E
2 2
k=1 k=1
° °
2041 2044
5 5
g g
0.2 02
0.0 4 —/ 0.0+
0 20 40 60 80 100 0 20 40 60 80 100
number of simplex gradient number of simplex gradient

Left : m =51, Right : m = 472
Higher dimension favors Method 1
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Conclusion

Achieved :
o Complexity bound generalized to Riemannian manifolds.
@ Preliminary experiments favor PSSs in tangent space.
Further work:
o Test other PSSs (than orthogonal)
e Compute cosine measure x of projected PSSs

e Random subspace directions.
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Thank you for your time !
Questions ?
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Parallel transport

Caption
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Geodesic smoothness

Definition (geodesic L,-smoothness [Zhang and Sra, 2016])

A function f: M — R of class C! has Lipschitz gradient or is geodesically
L4-smooth if for any a,b € M such that dist(a,b) < inj(M),

|lgradf(a) — gradf(b)||, < Ly dist(a,b)

where L, > 0 and I'? is the parallel transport along t +— Exp, (t Log, b).

This implies, respecting the injectivity radius:

F(Bxp, (1) < f(a) + (grad f(a). v), + 2 o]
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A more detailed complexity bound

J1 <

f(@0) — fiow (dmax(c + Lg/2)>2 (1 . 1og(F)> 22
c b log(y) /)~
1 Yy f@E) + f(xO) - flow _ IOg Amax _

I | B
T Tog(y) <dmax<c+Lg/2> ca? log y
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